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Abstract 

The existence of co-rotational finite time blow up solutions to the wave 
map problem from R^+^ — > A'^, where A'^ is a surface of revolution with 
metric dp^ + g{p)^d6^, g an entire function, is proven. These are of the 
form u{t, r) — Q{X{t)t) + TZ{t, r), where Q is a time independent solution 



of the co-rotational wave map equation —utt+Urr+r 



X{t) — t ^ > 1/2 is arbitrary, and 7?. is a term whose local energy 

goes to zero as t — » 0. 



1 Introduction 

In the following wave maps (see [5]) from E^+^ into a surface of revolution TV 
(with some restrictions on the metric that will be made explicit below), which 
are also co-rotational, will be considered. The wave map equation reduces in 
this case to: ^ ^ 

- Utt+Urr + -Ur = ^fiu), (1.1) 

with r > and where the right hand side is related to the metric of N (see 
bellow). This equation will be shown to have blow up solutions (solutions for 
which the ||u||jji/2 norm goes to infinity in finite time) with initial data {u,ut) 
in H^+^ X H\ for some 6 > 0. 
The energy 



dr 



(1.2) 



is preserved and the problem is energy critical in the sense that the scaling 
u — *■ u(At, Ar) leaves £{u) invariant. If the local energy with respect to the 
origin is defined to be 



£loc{u) 



1 

r<t 2 



r dr, 



(1.3) 



then it is known (see [6]) that the solution u will blow up at the origin, as t — > 0, 
iff 

liminf£:/oc(u)(i) > 0. (1.4) 

no 
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In [7] Struwe has shown that for solutions u with C°° data that have blow 
up at to there exist sequences | and ti "f to such that ri/U and 
Ui(t, r) = u(ti + rit, Vix) — > Uooix), where Uoo is a non-constant time indepedent 
solution of the wave map equation. This motivates the construction detailed in 
this paper which produces a solution of the wave map equation which inside the 
light cone r < t is of the form 

u{t, r) = Q{X{t)r) + u^it, r) + e{t, r), (1.5) 

where Q is a finite energy, non-trivial stationary solution of the wave map 

equation (a harmonic map) and X{t) = t~^~'^, v > 1/2. The first term is 
the one for which 

lim.m{ £ioc{Q{X{t)r))(t) > 0. (1.6) 

The second term is "large" , but does not cancel the energy concentration of the 
first term. The last term is "small" . 

The proof of the main result (Theorem 12.21 bellow) follows very closely the 
work of Krieger, Schlag, and Tataru ([3]) in the particular case when the surface 
of revolution N is the sphere. Indeed, certain portions of this paper are nearly 
identical to the ones in 

The section [3] here corresponds to section 3 in [3] and it deals with iteratively 
constructing corrections to Uq = Q{X(t)r), which will form the u*^ term. The 
procedure is split into four steps which alternate constructions of additive cor- 
rections (by two different methods) with estimations of the errors made. Here 
and in Appendix [X] is where most of the original contribution of the paper is 
concentrated. One of the differences from [3] is in the spaces introduced in 
subsection 13. II below. Though only slightly changed, the definitions given here 
should also be used to replace the ones in [3] in order to make some of the 
computations there meaningful. The computations of the errors corresponding 
to each of the succesive approximate solutions are also new, as the right hand 
side term of the wave map equation is more general here. 

Section |4] corresponds to section 4 in [3] . In it an equation satisfied by e 
is derived. Section [5] (section 6 in [3]) deals with rewriting this equation as a 
transport-like equation for the generalized Fourier transform of e corresponding 
to a self adjoint operator £, which is a conjugate of the linerization of the spatial 
part of the wave map equation. The term e is then obtained in sections [S] and 
[7| (sections 7, 8, and 9 in [3]) by means of a contraction principle argument. 
Finally, the proof of Theorem 12.21 is finalized in section \8\ 

Appendix lAl corresponds mostly to section 5 in and it contains an analy- 
sis of the spectral theory of the operator C mentioned above. This is based on 
results by Gesztesy and Zinchenko ([I]) on the spectral theory of Schrodinger 
operators with certain singular potentials. It is due to the fact that the same 
expansions (see Proposition ! A. 4|) can be derived for the generalized Fourier basis 
of £ as in the particular case of iV = S"^ that sections [SHH] are essentially iden- 
tical to their correspondents in The original contribution here lies mostly 
in the proof of Proposition IA.4I The Lemma IA.2I is also new as it deals with 
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establishing the properties of a certain convenient system of fundamental solu- 
tions for C This was not necessary in [3] since there explicit formulas for these 
solutions are available. The results of Lemma [A. 2 1 are essential for the first step 
of the iterative procedure of section [31 

See also the introduction to [3] for a discussion of the history of the problem 
and a more in depth analysis of the motivation for the method. Krieger, Schlag 
and Tataru have also applied the same method to the i?^(M^) critical focusing 
semilinear wave equation in [3] and to the critical Yang-Mills problem in [5] . 

I would like thank Prof. C. Kenig and Prof. W. Schlag. Fruitful discussions 
with both have made this work possible. 

2 Setup 

2.1 The Manifold 

Let be a compact surface of revolution, whith Riemannian metric 

ds^ =dp^ +g{pfde'^. (2.1) 

If N is produced by rotating the graph of the function 

y^v{x), y(0) = 0, j/(xm) = 0, (2.2) 

around the a;-axis, then p is the arclength on the graph of the function, dp^ = 
dx^ + dy^ . Also, y{p) — g{p), hence dx'^ — dp^\ — g'{p)^ and \g'{p)\ < 1 for 
any p e {0,pm)- 

In order for the graph of y = y{x) to generate a surface of revolution, it has 
to be true that dy/dx —^ oo, as x 0+, and dy/dx — oo, as a; ^ xm^ ■ Since 

^-9'ip)/Vl^7W, (2.3) 

it follows that g'(p) — > 1, as p 0+, and g'{p) ~> —1, as p ^ PM^ ■ It also has 
to be true that g is an odd function of p and of {pM — p)- Therefore it can be 
extended to a smooth periodic function of period 2pM- 

Throughout this paper, the function g is assumed to have the folowing prop- 
erties: 

i) : R — » R is entire; 

ii) g is an odd function of p and of pM — P', 

iii) \g'{p)\ < 1 for all p e (O.pm); 

iv) g'{0) = 1, g'ipM) = -1. 

Note then that g can be written as g{p) = pG{p^), or as g{p) = {pM ~ 
p)G {{pm ~ /o)^): where G and G are entire functions, G(0) = 1, G{Q) = —1. 

Let f{p) ~ g{p)g'{p)- This function is also entire, odd, and can be written 
as f{p) = pF{p^), or as f{p) = {pM - p)F {{pM - pf)-, where F and F are 
entire functions, F{{)) = 1, F{Q) = 1. 
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2.2 The Equation 

Co-rotational wave maps from K^+-'^ into N are of the form {t, r, 0) {u{t, r), 9), 
where u satisfies the following equation: 

~dfu + d^u+ldru = ^. (2.4) 

The energy of u is 



and it is constant in time. 
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dr (2.5) 



2.3 The Harmonic Map 

Note that for any stationary solution u of (|2.4p . the following quantity is inde- 
pendent of r: 

[rdruf - g{uf = C. (2.6) 

If such a solution is to have finite energy, then it is necessary that C = 0. It 
follows then that cither rdrU = g{u), or rdrU — —g{u). 

A stationary solution of the equation (|2.4p is called a harmonic map. As 
seen just above, harmonic maps with finite energy are solutions of one of two 
first order ODE and therefore can be specified uniquely by a choice of sign in 
rdrU = ±g{u) and the value they take at r = 1 (for example). Let Q be the 
solution of: 

rdrQ = giQ), Q(l) = l- (2.7) 

It is clear that linv^o+ Q('') = 0, and linv^oo Q(?') = PM- With the ansatz 
Q{r) = rQ(r^), equation (|2.7p becomes 

2r2a,2Q(r2) = Q{r^) [Gir^Q{rY) - l] , (2.8) 

therefore Q must be an analytic function of r^, Q(0) > 0. 

Similarly, notice that with the change of variable I = 1/r, equation (|2.7p can 
be written as: 

WiipM -Q) = (pM - Q)G{{pM - Q f), (2.9) 

and, proceeding as above, it follows that Q{r) — pM — (l/r)Q(l/r^), where Q 
is analytic, Q(0) > 0. 

From equations (|2.7p and (|2.4p it follows that 

Q" = -^5(Q)(1-.9'(Q)), (2.10) 
so Q'{r) is decreasing. Also, 

W)'=5(Q)(1+5'(Q)), (2.11) 

so r^Q'{r) is increasing. 
To summarize. 
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Lemma 2.1. The chosen harmonic map has the following properties: 
i) Q'{r) is decreasing and r^Q'{r) is increasing; 
ii) Q{r) = rQ{r'^), with Q a real-analytic function, Q(0) > 0; 
Hi) Q{r) = pm — (l/r)Q(l/r^), with Q a real-analytic function, Q(0) > 0. 

2.4 The Theorem 

Define the local energy of a solution u of (|2.4p with respect to the origin and at 
time t to be: 



£loc{u){t) 



r<t 



1/2 2x gM^ 



rdr (2.12) 



Theorem 2.2. Let v > 1/2 be arbitrary and to > be suficiently small. Define 
X{t) = t~^~^ and fix a large integer N . Then there exists a function u!^ satisfying 

e C+'/^-iito > t > 0, |a;| < t}), (2.13) 

Siociu^m < (<A(t))-2| logi|2 ast^O, (2.14) 
and a solution u of {2.4-^ in [0, t^] which is of the form 

u{t,r)^Q{\{t)r)+u''{t,r) + e{t,r), 0<r<t, (2.15) 
where e decays at t — 0. More precisely, 

e e t''Hl+''-(R'), et G t''-' H;^-JR^), £zo,(e)(t) < as i ^ 0, (2.16) 

with spatial norms that are uniformy controlled as t ^ 0. Also, u(0, t) — for 
alio <t <to. The solution u{t,r) extends as an H^~^'^~ solution to all M^. 

3 Approximate Solutions 

Let X{t) = t~^^'^ , V > 1/2, R — X{t)r. In this section a sequence Uk of approxi- 
mate solutions of (|2.7p will be constructed. For each of these the corresponding 
error is defined to be: 

ek = (-d! + dl + wfc - \f{uk). (3.1) 



The first element of the sequence is ^0(^,7") = Q{R)- For a large enough N, 
Un — Uq will be the u'^ of Theorem 12.21 

To motivate the particular construction, suppose that the sought solution of 
(|2.4p is of the form: 

u = Uk + e, (3.2) 

with e small. Then 

-df + dl + e - ^f'{uk)e « -efc. (3.3) 
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Two different approximations of this linearized equation will be used. The first 
assumes the time derivative to be unimportant and also approximates Uk ~ Uoj 
replacing f'{uk) by /'(mq)- The second one retains the time derivative, but 
assumes that Uk « wo(oo) = pm, replacing f'{uk) by 1, as would be the case if 
r « t and t would be close to zero. Succesive corrections Vk = Uk — Ufc-i to the 
approximate solutions will be constructed using these two ideas alternatively, 
that is the Wfc's will be required to solve 

{^r + - ^/'K)) V2k+1 = -e^fe (3.4) 

and 

(^~d^ + dl + Ur - ^ V2k+2 = -elk+1, (3.5) 

with zero Cauchy data at r = and where is the "principal part" of Cfe, in a 
sense that will be detailed bellow. 

The conclusion of this section requires the introduction of certain spaces of 
functions on the light cone. It can be found stated in equations (|3.24p - (|3.27p . 

This section mirrors section 3 of [3]. Step 3, in particular is virtually identical 
to the reference as (|3.5|) does not depend on the particular geometry of the 
surface of revolution. The main difference lies in error estimates of Steps 2 and 
4. It is in the course of these two steps that the assumption that g is entire is 
necessary. 

Note that in the definitions of the spaces of functions in the following sub- 
section three "6" parameters are used (5, hi, 62), instead of one as in ^3]. The 
definitions given in [3] should be replaced by the ones bellow. Certain other 
typos have been fixed here. 

3.1 Some Spaces 

Before proceeding with the construction, a few spaces of functions 
introduced. Let 

Co = {(t,r) : < r < i,0 < < < <o} 
be a truncated forward light cone on which the Ufc's will be defined 

Definition 3.1. For i ^ N let = i if v is irrational, and j{i) = 2i^ if v 
is rational. £2 is the algebra of continuous functions q : [0,1] ^ R with the 
following properties: 

i) q is analytic in [0, 1) with even expansion at 0; 



need to be 
(3.6) 
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ii) near a = 1 there is an absolutely convergent expansion of the form: 
q = 90 (a) 

oo / j(2i-l) 

+ (l-a)(2-i)''+^ E 92.-u(a)(log(l-a)F 

i=i y j=o 

J(2*) \ 

+ (1 - a)2-+i E '?2.,(a)(log(l - a)y (3.7) 
i=o / 

with analytic coefficients qo, qij. 

Definition 3.2. With j{i) as above, Q' is the space of functions q : [0,1] ^ M. 
with the following properties: 

i) q is analytic in [0, 1) with even expansion at 0; 

ii) near a = 1 there is an absolutely convergent expansion of the form: 

q = qo{a) 

oo / i(2i-l) 

+ J2i{l-a)<^'^-'>-i E fe-i,,(a)(log(l-a))^- 

i=l \ j=0 

J(2*) \ 

+ (1 - a)2-+i J2 fe,,(a)(log(l - a)y (3.8) 
j=o J 

with analytic coefficients qo, qij. 

Definition 3.3. i) Qm is the sub-algebra of O. defined by the requirement 
that qij{l) = if i > 2m + 1 and i is odd; 

ii) 0'„ is the sub-space of Q' defined by the requirement that qij{l) = if 
i > 2m + 1 and i is odd. 

Lemma 3.4. i) C O' and 0„ C Q.'^; 

ii) Qrn C £l,n+l, Q'^ C O'^+j. 

Proof. Note that the only difference between the definitions of the O. spaces 
and the Q' spaces is that a power (1 — a)^/^ appears in the fist term inside the 
bracket in (|3.7p . while in the same place in (|3.8p there is a power (f — a)^^/^. 

i) follows from: 

= {l-a){l-a)-^/^. (3.9) 

ii) is obvious from Definition 13.31 □ 



Definition 3.5. (i?'^(logi?)') is the class of functions v : [0,oo) M. with 
the following properties: 
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i) V vanishes of order m at R = 0, and v{R) = YlJLo ^j^^'' f^^^ small R; 

ii) V has a convergent expansion near R = oo of the form: 

v{R)= J2 Cij R''-'^' {log Ry. (3.10) 

0<j<l+i 

Let B, Bi, B2 be positive constants to be specified shortly. 

Definition 3.6. S*™ (i?'^(log i?)', £J„) is the class of analytic functions v : 
[0, 00) X [0, 1] X [0, B] X [0, Bi] X [0, B2] K with the following properties: 

i) V is analytic as a function of R, h, bi, 62 

V : [0, 00) X [0, B] X [0, Si] x [0, B2] ^ £}„; (3.11) 

ii) V vanishes of order m at R = and has a convergent expansion 

00 

v(i?,a,6,6i,62) =-R"X!^j("'^'^i'^2)i?^^; (3.12) 
3=0 

Hi) v has a convergent expansion near R = 00 of the form 

v{R,-,hMM)^ J2 c,3i-,b,bi,b2)R''-^\logRy. (3.13) 

0<j<l+i 

where the coefficients Cij : [0, B] x [0, Bi] x [0, B2] — > Qn o,re analytic with 

respect to b, bi, 62- 

S"" {R''ilogRy,Q'^) is defined similarly. 

Here is a list of elementary, but useful, properties of these spaces: 
Lemma 3.7. i) 5""+2 (i?*=(logi?)', 0„) C 5" (i?'=(logi?)',0„); 
ii) (ii'=(logi?)',0„) C (i?'=(logi?)'+i,0„); 
ivi) [R'^ {log Ry,Qn) C (i?'=+2(logi?)'-i,0„); 

w) 5" (i?'=(logi?)',0„) C 5™ (i?'=(logi?)',0;). 
All but the last one are also properties of S'^ (_R'(log i?)™, 0^) . 

With the notations R = X{t)r, a = r/t= {tX)-^R, b = {tX)-^[log{2 + R"^)]"^ , 
bi = (<A)"2[log(2 + R^)], 62 = {tX)~^, if {t,r) e Co, then there are positive 
constants B, Bi, B2 such that b e [0,B], bi e [0,Bi], and 62 e [0,^2]. 

Definition 3.8. /S"" (i?'^(logi?)', 0„) is the class of analytic functions w de- 
fined on the cone Co which can be represented as 

w{t,r)=v{R,a,b,bi,b2), v e S"" {R'' {log Rf , Qn) ■ (3.14) 

The definition of IS"" {R'' {log Ry , Q'^) is similar. 

Note that the representations in the above definition are not at all unique. 



8 



3.2 Two Useful Lemmas 

The following results will be useful throughout this section. 

Lemma 3.9. f^^^\Q{R)) G IS\R-^) and f^^''+^HQ{R)) G IS"(1). 

Proof. Z^^'^Hp) has an odd expansion in p and also in {p]\i — p). Plugging in 
Q the first half of the result follows from Lemma 12.11 The case of jC^^-'+i) ig 
similar, but with even expansions. □ 

Lemma 3.10. // 

z&j^IS'iR{logR),£l), (3.15) 

then 

/(^"^QiR) + z{R)) e j^IS' {R{logR),£}) (3.16) 

and 

/(2fc+i)(Q(i?) + z(i?)) €7^0(1,0). (3.17) 

Proof. First expand 

/(2'=)(g + z) = ^l/2'=+'(g)z'. (3.18) 

Note that 

z^G^/^^ (i?^(logi?)^0) 

C j^blS^ (i?2(logi?)°,Q) + -^bilS' (i?2(logi?)0,Q) 
+ ^62/5' {R'{\ogRf,£l) 

C J^IS' (i?^(logi?)O,0) C a2/5"(l,0). (3.19) 

Now 

_^(2/c+2™+i) (Q)^ ^ (^^^' (^(log ^) ' ^) (3-20) 

and 

/(2W(Q)^2 ^ ^7^3 (i?(logi?)2,0) c ^/^i (i?(logi?),0) . (3.21) 

Combining equations ((3T8l) - (|3?2T|) yields (jSTH]) . 
To prove (|3.17|1 proceed similarly by expanding 



/(2'^+i)(g + z) = J2 \f'^'^\Q)^'- (3.22) 

Similar computations to the ones above give the result. 



□ 
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3.3 Step 

As is mentioned above, the first element of the squence of approximate solutions 
is Uq = Q{R). The corresponding error is then: 



1 



f{uo) 



-dfQ{X{t)r) 
-dt[rX'{t)Q'{X{t)r)] 
-rX"{t)Q'{R) - r''X'{tfQ"{R) 

-1 [(1 + z/)(2 + iy)RQ'{R) + (1 + ufR-^Q'^R)] 



(3.23) 



Therefore, t^eo G IS^ (-R"^)- 



3.4 Induction 



The approximate solutions will be constructed by adding succesive corrections 
to Uo- With the notation Vk = Uk — Wfe-i, it will be inductively shown that 



V2k-i e -^IS^RilogRf''-\£lk-i) 



t e2k-i e 



1 



-IS' {R{logRr-\ 



(iA)2fc- 

e {RHlogRr-\Qk) 

t'e^k e [IS' {R-\\ogRf\£lk) + 

+ bIS' {R{logRf'^-\Q',) + 
+ biIS' {R{logRf''-\£l'f,) + 
+ b2lS' {R(logRf''-\ili)] 



(3.24) 
(3.25) 
(3.26) 



(3.27) 



The exact method for constructing the Ufe's will be described bellow. In the 
following, for a fixed k, it will be assumed that the above hold for k and for any 
smaller natural number. 



3.5 Step 1 

It is assumed that 

2 T 
t e2k-2 G 



{tX) 



2k-2 



IS' {R-\\ogRf''-\Qk-i) + 

+ Yl /^/sl(i^(logi^)'*=-^Q'fe_l) 

I3=b,bi,b2 



(3.28) 
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Choose the "principal part" e2j,_2 by setting 6 = 61 = 62 = in a representation 
of e2fe-2 (see Definition [3?8)l . Then 

t'4k-2 e Jo^IS' {R-\logR)''^-^£},^,) , (3.29) 

and 

*^e2fe_2 = t"^ {e2k-2 - e 

e E f^nv!2kr2[lSHR-\\ogRr-',Q,^,) + 

P=b,biM ^ ' 

+/5i(i?(logi?)2'=-3^0',_,)] . (3.30) 
Replacing the 6, hi, &2 by their definitions, it follows that 



-IS'{R{\ogRf'^-\Q',_,)], (3.31) 



so 

1 



i'eL-2 € (^^^' (i?(logi?)2'=-i,n',_,) . (3.32) 

This will be useful later. 
Let 

L^dl + ^d^~l^. (3.33) 
Keeping a, 6, 61, 62 fixed, define f2fe-i to be the solution of 

{t\fLv2k-i = -i'p4-2, (3.34) 
with vanishing Cauchy data at i? = 0. 

Lemma 3.11. The solution of Lv = ip e {R-\\ogRf''-'^) , with t)(0) = 
i''(0) = 0, has the regularity 

V e {RilogRf''-^) . (3.35) 

Proof. Behavior at i? ~ 0. Close to zero, 

00 00 

(p(i?) = ^^fei?2'=+i, f'{uo{R)) = l + J2fkR"' (3.36) 

k=0 k=l 

Make the ansatz 

00 

„(i?) ^^yfei?2fe+i. (3.37) 
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Since dj^ + R ^dn = R ^dnRdu, it follows that the Vk need to satisfy 



fe-i 



ii2k+lf-l)Vk^^k-i + J2f^^k-i, yk>l. (3.38) 

1=1 

This system can be solved to find Vk such that the sum in (|3.37p converges 
absolutely in a neighborhood of zero. Such a v will vanish of order 3 at zero. 
Behavior at i? ~ oo. Notice that v has to satisfy C^/Rv = —^/Rip, where 

^ = -dr + ^ + Vir); V{r) = [1 - /'(Q(r))] . (3.39) 
Using the fundamental system of C from Lemma lA.2[ v can be written as: 

v{R) = c^^(j)o{R) + cg^eo{R)+ 
\ R y R 



By Lemma IX2I 



1 1 

+ t;^MR) / MS)^'P{S) dS- 
V R Ji 

11 

-- — q^„{R)j^ 9oiS)^^iS)dS (3.40) 

R-^/^MR) e S{R-^), (3.41) 

R-^/^9o{R) e S{R-^), (3.42) 

R^/^MRMR) e 5* {R-\\ogR)^''-^) , (3.43) 

R^/^eo{R)Lp{R) e S {R{\ogRf^-^) . (3.44) 



Therefore 

r-i? 



j MS)VS^{S) dSeS ((logi?)2'=-i) (3.45) 

/ eo{S)Vs^{S) dSeS (ii'2(iogi?)2fe-2) + s ((logi?)2'=-i) 

C S {R^ilogRf''-^) . (3.46) 

Since v is sought such that it has zero Cauchy data, then = = 0. Putting 
all these together, it follows that 

V e S {RilogR)^''-^) . (3.47) 

□ 

An immediate consequence of the previous Lemma is that 

V2k-i e J^IS"" (i?(logi?)2'=-i,0fc_i) . (3.48) 
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3.6 Step 2 

The error corresponding to V2k-i is: 

e2fe-i = elk_2 + N2k-i{v2k-i) + E*V2k-i + E"-V2k-i, (3.49) 

where 

N2k-l{v) = \ [f'{uo)v - f{U2k-2 + V2k-l) - f{U2k-l)] , (3.50) 

E*V2k-i designates the terms in dfv2k-i with no derivatives on the a variable, 
and E"v2k-i designates the terms in [—d^ + + ^dr) V2k-i with at least one 
derivative on the a variable. 

3.6.1 The N2k-i{v2k-i) term 
First write 

t'^N2k-l{v2k-l) = [(/(M2fc-2 + V2k-l) " /(u2fc-2)- 

-f'{u2k-2)v2k-l) + {f'{u2k-2) - f'iuo)) V2k-l] = 

= -a"^ [/ + //] . (3.51) 



For I < k, 



V21-1 G J^IS' (i?(logi?)2'-l,0,_i) 



C ^b'-'lS^R{logR),£li-^ 
1 



1 



+ 77X^^2"'^^' (i?(logi?),Qi_i) 
1 



and for / < k, 



C ^/^3(i?(logi?),Qj_i), (3.52) 

Ca'-^IS' {Ri\ogRr-\Qi) 
C-^IS'{R{logR),Qi). (3.53) 



Therefore, for any I < k, 



{U2l+1 - wo), {U2l - Uo) G -TTT^IS^ (i? (log i?) , ) . (3.54) 

[tA) 
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Returning to p.5ip . 

I = 7!/^'^("o + ("2fe-2 - m))v[l\. (3.55) 

l>2 

Note that, since V2k-i € I S'^ {R{\og R) , Q) , vl^._-^ e /S'°(l,£3). For the 
even terms in the expansion above, using Lemma l3.10i 

f^^"'\u2k-2){z^r-' e ^IS' (i?(logi?),0) (3.56) 

and for the odd ones 

f^'"'+'\u2k-2)ziz^r-' e J^IS' (i?(logi?),Q). (3.57) 

Therefore 



(tX) 

1 



C (^^^' (i?(logi?)2'=-i,Q',_0 . (3.58) 

So 

e J^IS' (i?(logi?)2'=-i,0',_,) . (3.59) 

Now 

// = V2k-i J2 7i^f^'Huo){u2k-2 - uoY-'. (3.60) 

l>2 ^ 

From computations above it follows that 

(w2fe-2-uo)'ea2/5°(l,0). (3.61) 

Then, using Lemma [ 



/(''")(^io)(«2fe-2 - uof"'-' e -i-/52(logi?,0) 

{txy 

C -i-^/^2(i?2) c a^IS"il, 0) (3.62) 

and 

/(2"+i)(^io)(«2,_2 - uo)2™ e a'lS%l,Q). (3.63) 

Therefore 

c j^IS' {R{\ogR)''^-\ . (3.64) 
From and (PTM)) it follows that 

fN2k-iiv2k-i) e (i?(logi?)2^-\Q'fc_0 . (3.65) 
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3.6.2 The E*V2k-i term 

Recall that -E'*V2fc-i = dt'^2k-i with a fixed. Note that there is no dependence 
on b, bi, 62 in V2k-i since e2k-2 obtained by setting these to zero. V2k-i 
can be written as ^ 

V2k-i = j^^w{R,a) (3.66) 
with weS^ (i?(logJ?)2fe-i,Qfe_i). 

where the terms left out are those that involve da- 

+ j^RdRRdRW (^-^^^ +(•••)• (3-68) 

Since 

{RdRfw e 5^ (ii(logi?)'*=-\0fc_i) , (3.69) 

it follows that 

t'E'v2k-i e j^IS' (E(logi?)2'=-SQ'fe_i) . (3.70) 

3.6.3 The E''v2k-\ term 

Using the same notation as above, remembering that there is no dependence 
on 6, 61, 62 in V2k-i, and omitting to write explicitly the terms that will not 
become part of E'^V2k-i, 

^drV2k-l = J^Wa^a-^ + {■■■), (3.71) 

= (^(^«^- + T^'«^) +(•••), (3.72) 
a^2.-i = d, (^k.^ln. + (-f ) + j^Rn^B. (-^)) 

-(•••)• (3.73) 



1 oD f a\ f l + v 
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Putting these together 

t^E''v2k-i = [(1 - a^)waa + [2a{2kv - 1) + 

-2R[{l + v)a-a-^]waR]. (3.74) 

Since 

ada, a^^da, (1 - 0^)81 : Qk-i ^ H'k-i, (3.75) 

it follows that 

t'E'^v2k-i e j^IS^ {R{\ogRY^-\Q'^_,) . (3.76) 
To conclude, the results fH^^ . ([glBS]) . (0201), and ((XTS)) imply that 

t'e^k-i e j^IS' {R{\ogRr''-\ . (3.77) 

3.7 Step 3 

Let 

„ 2k-l 2k-l 

t'hk^i = JTv^ E *(«)(log^)' = Tj^T^ E «'?.(«)(logi?)-', (3.78) 

^ ' j=0 ^ ' j=0 

be the sum of the leading terms of the expansion of e2k-i at i? = oo, with 
6 = 6i = 62 = 0. By definition, qj G for al j. Define W2k to be a solution 

of the equation 

(^-d^ + dl + -^dr - ^ W2k = -t'hk-i (3.79) 

Making the ansatz 

. 2fe-l 

J2 Wi^ia)i\ogR)\ (3.80) 
^ ^ 3=0 

plugging into (|3.79p . and matching the corresponding powers of logi?, it follows 
that the VFjj. have to satisfy the equations 



it\) 



\^iaq,ia) + F,{a)), (3.81) 
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where, with the convention that W^j, = when j > 2k, 

F,{a) ^ {j + 1) [(1 + iy){2iy{2k - 1) - l)Wi+^ + 2{a-' - (1 + iy)a)daWi+' 

+ U + 1) [{j + 2)a-2 - j(l + ^)'] ^f- (3.82) 
Conjugating by {tX)^^^'^^^\ the system of equations p.8ip becomes 

= -aqj{a) - Fj{a). (3.83) 

With the notation 

= (1 - a'^)dl + (a-^ + 2a/3 ~ 2a)da + (-/3^ +13- a^^), (3.84) 

writing (|3.83p in terms of derivatives in a yields: 

i(2fe-i).W^4 - - [aqM + F,{a)) . (3.85) 

Adding the requirement that the Cauchy data at a = for this system is zero, 
the solutions will satisfy 



1^2feea^0fe, j=0,2fc-l. (3.86) 

See [3] for a proof of this fact. 

The W2k constructed so far cannot be used as V2k as it is singular at zero. 
Instead, define 



V2k 



1 ^''"^ /I 



2fe-l 



(^X)W2 E {\ log(l + R')] ■ (3-87) 



Then clearly 



3=0 
1 



'^^fe G (tX)2k+2 ^^'' (i?3(logi?)2'=-i,Qfc) . (3.88) 



3.8 Step 4 

Define 

2fe-l 



^ /^i(i?(logi?)2'=-i,o;,_,). (3.89) 



{t\) 



2k - 
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The error corresponding to V2k is 
t'^e2k = t^{e2k-i - 62/0-1) 



1 „ 1 



+ t { e2fc-i + ( + dr +-9r-^]v2k]+ rN2k{v2k), (3.90) 



where 



V 1 

N2k{v) = ^ - ^ [/(W2fe-1 +V) - f{u2k-l) 



(3.91) 



3.8.1 The first term of (fSTOO]) 

Both t'^e2k-i and t^e^i^_^ have the same leading order in their expansions at 
R = 00. Therefore 



1 



Suppose 



This can be written as 



eis' (i?-l(logi?)2^Q',_J 



R 

The first term satisfies 

(1 _ a^)y, g /5I (i?-i(logi?)2fc,£3fc-i) 
In the case of the second term 



R' 



1 



chis' (i?(iogi?)2'=-\oLi) 

Applying this to i^(e2fc-i — (^2k-i)' follows that 



(a) 



2fc 



(i?-l(logi^)2^Qfe_l) 

+ J2 pis' iR{\ogRr'^-\ 



(3.92) 
(3.93) 

(3.94) 
(3.95) 



(3.96) 



(3.97) 
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3.8.2 The second term of (fSTgO]) 

The reason this term is not zero is the replacement of logi? by i log(l + R^) 
made above. The second term of p.90|) consists of a sum of expressions of the 
type 



^ E [/5°(i?-^)(iog(i+i?2))^-i 



+/5°(i?-2)(log(l+i?2))J-2] 

+a~^daWi^IS"iR-^)i\ogil + R^yy-^] . (3.98) 

Using p.86p it follows, using also the argument from equations (|3.93p - (|3.96p as 
well as basic properties of the IS spaces, that 



1 



-d? +dl + -dr - 



1 



V2k 



1 



^JS' {R-'{logRf'^-',£l',) 



C 



itX) 



2k 



IS' (i^-l(logi^)2^Q,.) + J2 pis' {R{iogRr'-\£iQ 

P=b,bi,b2 



(3.99) 



3.8.3 The third term of ([STgO]) 

Write first 

- t^N2k{v2k) = [{f{u2k-l + V2k) - /(W2fe-l) - /'(W2fc-l)w2fc) 

+ (/'(W2fe-l) - /'("o)) V2k + (/'(wo) - 1) V2k] 

= a-^[I + II + III] (3.100) 

Now 



l>2 



"2fc • 



Remembering the computation (|3.53p . 



V2k e -^IS' (i?(logi?),0), vi, e 750(1, Q). 



By Lemma [3. 101 



f^'"'\u2k-iKr' e ^IS' (i?(logi?),Q) 



and 



f(2m+l)/ \ 2n 

r ' [U2k-l)V2kV2k 



2m -2 



[txy 



:IS' (i?(logi?),Q). 



(3.101) 
(3.102) 

(3.103) 
(3.104) 
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Therefore 

C«'7^ E /3^^M^(log^)''"',Qfc)- (3-105) 

^ ' fJ=b,bi,b2 

The second term in p.lOOp can be written as 

// = „2fe^ TT^/''H^o)("2fc-i - uoY-K (3.106) 



Recall that 



W2fe-2-«0e 7T^/^'(-R(logi?),0), (u2fc-2-Mo)' G/5°(1,Q). (3.107) 

{txy 

Using Lemma 



/('"H"0)(«2fe-2 - Uof'^-' e ^/52(logi?,0) 

' I3=b,bi,b2 p=bMM 

and 

/(2™+i)(«o)(^i2fe-2-^io)'"ea2 ^ /3/^0(l,Q). (3.109) 

Then 

^^^Toiri E /3/^M^'(iogi?)''-\o,) 

^ P=b,bi,b2 

^"'t^ E /3^^M^(iog^:)''"\iJU- (3-110) 

^ ' fj=b,bi,b2 

The last term in p.lOOp is 

/// = V2k (/'(uo) - 1) e V2kIS^ (i?-2) , (3.111) 

therefore 

1 



1 



C a'-^IS^ (i^-l(logi?)2^0fc) . (3.112) 
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Putting together the results of equations f^TW)) . dSSS]), (|3.105p . p.llOp . and 
P.112[) . it foUows that 

t'e2kej^[lS' {R-\\ogR)^\Qk)+bIS' (i?(logi?f'=-\ + 

+61/^1 {R{logRf^-\£l'k)+b2lS^ (i?(logi?)2'=-\0'fc)] . (3.113) 
By induction, ([XM)) . ((H?^ . (P?^ . and ([XTT]) are now proved for any k. 



4 The Perturbed Equation 

For a fixed k define e(t, r) to be such that 

u{t,r) = U2k~i{t,r) +e(i,r), 



(4.1) 



where u is the solution of (|2.4p that is being constructed. Then e needs to solve 
the following equation 



1 



dte + d^e + -drt 



f'iuo) 



-e2k-i - iV2fe_i(e), 



(4.2) 



where 



^2fe-i(e) = ^ [fiuo)e - J{u2k-i + e) - /(w2fe- 



(4.3) 



If the time variable is replaced hy t ~ the space varialble by i? = A(i)r 

and with the notation v{t, R) — e{t, X^^R), then (|4.2p becomes 



dr + ^Rdn) +^U + ^Rdn 



l^[A^2fc-i(e) + e2fc-i]. (4.4) 



After making the further change of function e{T,R) = R^^^v{t, R), (|4.2p be- 
comes 



where 



N2k-iiR''^^e) + e2k-i\ , (4.5) 



1 



[l-/'(Q(i?))]. (4.6) 



This last change of function has the benefit that it produces C, which is a 
self-adjoint operator on L-^(M+, di?). 
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5 The Transference Identity 



The plan to deal with (|4.5p is to expand e in terms of the generalized Fourier 
basis ^) of the operator L (see Theorem IA.3|) : 

/>oo 

e(T,i?)= / x-(T,O0(i?,Op(C)de (5.1) 







The coefRcinets x(t, ^) would then hopefully satisfy a transport equation. How- 
ever, RdR is not diagonal in this Fourier basis. To deal with this, RBr will be 
replaced by 2^5^ and the error will be treated as a perturbation. 

This section follows closely section 6 of [3], to the point of being identical. 
This is due to the fact that the estimates of Appendix [X] are identical to the 
ones in section 5 of the reference. The main result of the section is Proposition 
15.21 whose proof is omitted as it is identical to the proof of Proposition 6.2 in 

Let the operator K be defined bjo 

Rd^^ -2^d^u + JCu, (5.2) 

where / ~ T J is the distorted Fourier transform defined in Theorem I A. 3 1 Using 
the definitions for this Fourier transform and its inverse, /C can be written as 



2ea5/(O0(i?,e)p(e)rfe, hr,v)) ■ (5.3) 

/ Ll 



Integrating by parts with respect to ^, 



icfiv) - ( / /(O [RdR - 2C9d 0(i?, Op(0 rfC, -^(i?, v) 

\Jq I L% 

+ M) 

The scalar product is interpreted in the principal value sense with / e (0, oo). 
A priori 

/C : Co°°(0,oo) ^ C°°(0,oo), (5.5) 
therefore there is a distribution valued function r\ K{ri,(^) such that 

ICf{v)= / k{v,0f{0dt (5.6) 







^This is what is referred to as a "transference identity" 
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Theorem 5.1. The operator IC can he written as 

where the operator /Co has a kernel Ko{ri,S^) of the form (in the principal value 
sense): 

Ko{v,0^-r^m,v), (5.8) 

with a symmetric function F{^, rf) of class in (0, rf) x (0, 77) satisfying the 
hounds 

-pja|a,Mc,.)i<{(^^,^)4(fff,^^^^^ \Xll\, (5.11) 

where N is an arhitrary large integer. 

Proof. The off-diagonal behavior of K is addressed first. Let / e C^(0,oo). 
Then ^ 

u{R)^ I f{0[RdR-2^d^]q^{R,0p{0d^ (5.12) 
Jo 

behaves Uke R^^^ at and hke a Schwartz function at infinity. The second 
factor in (|5.4p . 0(i?, 77), decays hke J?'^/^ at zero, but at infinity is bounded, with 
bounded derivatives. Using integration by parts: 

vICfiv) = {u,C<l>{R,v))^.^ = {Cu,^{R,tj))li ■ (5.13) 

Moreover, 

Cu= f{0[C,RdR]cl){R,Op{Od(+ f{0{RdB-2^d^)mR,0p{0d^ 
Jo Jo 

fmC,RdR]cj,{R,Op{0 r UmRdR ~ 2^d^mR,OpiO d^ 

Jo 

/>oo 

-2/ ^f{0HR,0p{0d^, (5.14) 
Jo 

with the comutator 

[£, ROr] = 2C-2 (y{R) + RV\R)) = 2C + W{R). (5.15) 

Thus 

Cu^ f{0W{R)<l>{R,0p{0d^+ U{0{RdR~2^d^)cl,{R,0p{0dt (5.16) 
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Hence 

vlCf{v)-mf)iv) = f{OW{RmR,Op{0 d^,(b{R,v)^^^ . (5.17) 

Changing the order of integration on the right hand side yields: 

iv - OK{v, = PiO {W{R)cf>{R, 0, <P{R, ■ (5-18) 
This gives the representation (|5.8p when with 

^^(e, n) = iy/{R)m. 0, HR, v))li ■ (5-i9) 

It remains to study its size and regularity. By Proposition IA.4[ 

sup I <<e (5.20) 

\RdR<P{R,£,)\<uAn{RC^I\R'/^), > 1, (5.21) 

\di<k{R, 0\ < mm(i?r'/', i?'/'), Ve > 1/2, (5.22) 

\d^cb{R,0\<mm{R''/^\og{l + R^),r^/^\\og^\R), VO < C < 1/2, (5.23) 

|5|<^(i?, 01 ^ min(i?2^-^/*, i?"/2), Ve > 1/2, (5.24) 
<min(i?7/2log(l + i?2),r'/^|loge|i?2), VO <^ < 1/2, (5.25) 

therefore 

m,v)\<<^>-^^^<V>~'^\ (5.26) 

IWO^)l<<C>-'/'<^ (5.27) 

IWe,^)l<<e ^ (5.28) 

|a|,F(C,r/)| <<e>-5/4<,7>-5/^ e + r]>l, (5.29) 

|a|ne,^)l<<e ^ ^>1,^>1, (5.30) 

\d',F{tv)\<<i>-'^''<V>-'^\ ^>1,^>1. (5.31) 
To improve on these, two cases will be considered. 

Case 1: ^ ^ (, + V- By integration by parts: 

77F(C,77) = {W{R)cj,{R,0,Ccj,{R,^))^,^ 

= {[C,WiR)](t>iR,0,<PiR,v))Ll+^Fi^^v)- (5.32) 
Evaluating the commutator: 

iv - OF{L V) = - {{2W'dR + W")cP{R, 0, v))l- ■ (5.33) 



24 



Since W'{0) = (it is odd), it follows that {2W'dR + W")(l){R,0 has the same 
behavior as at i? = 0. Then the argument can be repeated to obtain: 

{V - O'Fit V) = - ([>C, 2W'dR + W"]<I>{R, 0, HR, v))lI ■ (5-34) 
This second commutator has the form: 

[£, 2W'dR + W"] = AW"C - 4W"'dR - W'^^^ 

+ 3R-^{R-^W' - W") - 2W'V' - AW"V. (5.35) 

Since R~^W'{R) - W"{R) = 0{R^), this leads to 

(^ - i?F{i, -n) = {{W''{R)dR + W^{R) + iW^iR^R. i)A{R, v))lI > (5-36) 

where W°, respectively W^, are odd, respectively even, real-analytic functions 
with good decay at infinity. Inductively 

J2eW^^{R)dR + Y,^'W^iiR) I 0(i?,O,m^) ) , (5.37) 

J=0 1=0 

where 

<R>\W^^{R)\ + mi\<<R>-''-'^ Vj,L (5.38) 
Using the pointwise bounds on (j> and Or/P from (|5.20p - (|5.25p : 



\F{^,V)\< ^ , Ve>l,r;>0. (5.39) 



Combining this with (|5.26p - (|5.3ip . it yields, for arbitrary N, that 

\F{tv)\<{^+vy'^'{i + \e^'--v'^'\r'', iH+v>i- (5.40) 

For the derivatives of -F a similar procedure can be used. If ^ and i] are 
comparable, then from (|5.26p - (|5.3ip 

\d,F{tv)\<<^>-' ■ (5.41) 
Otherwise, differentiating with respect to 77 in (|5.37p . 

(77-0''A^(e,^) 

J2ew^^{R)dR + Y,('w^iiR) HR,0,d,HR,v)) 

j=o 1=0 I / .2 

-2kirj-0^^-'F{C,Tj). (5.42) 
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Using also (|5.39p . it follows that 



respectively 



and 



c/c-3/4 -5/4 

\dnm,v)\< ^ , l<e,^, (5.43) 

„-5/4 

\d,F{^,7j)\ < . ' , e«l<^y, (5.44) 



^fe-3/4 



<rfe-3/4 

\d,m,v)\< ,^ ,,,, , ^«1<C, (5.45) 



which yield the desired bounds. 

Finally, consider the second order derivatives with respect to ^ and 77. For 1^ 
and 77 close, (|5.26p - (|5.3ip can be used. Otherwise, differentiate twice in (|5.37p 
and continue as before. Note that it is important that the decay of Wl^^ and 
W^j improves with k. This is because the second order derivative bound at zero 
has a sizable growth at infinity which has to be canceled, 

\dlct>{R, 0) \ K R'^^^ log R. (5.46) 

Case 2: ^,?7 <C 1. First note that F(0;0) = 0. This can be verified by direct 
computation. Also by direct computation it can be checked that 

\diF{tv)<l (5.47) 

To obtain the bound on the second derivatives, begin by observing that the 
following inequalities hold: 

\dim,0\<{ , J =0,1, 2. (5.48) 

[ e'/*-jV2|log^|i?J i?>^-l/2 

If r/ < ^ < 1/2, then these bounds imply that 

\dlFi^,v)\ < I <R>~' i?3(log(l + i?2))2 dR 
Jo 

+ / < R R^/^r^/^\\og^\logil + R^)dR 

+ / < R>-^ C^^^T]~^^^\'^og^\\\og'n\dR<\\og^\\ (5.49) 
JJ7-1/2 

The main contribution comes from the first term. When ?7<^<l/2,a similar 
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computation yields 



\d'iF{^,Tj)\< ( <R>-^ R\\og{l + R')f dR 
Jo 

+ / <i?>-^i?3/2^-3/*|log^|log(l + i?2)di? 

/"OO 

+ / <i?>-'r'/V^'|log?||log77|di?<|loge|^ (5.50) 

It remains to consider , 77) when ^ ^ 77 < 1/2. Differentiating (|5.33p . 

(77 - r?) = 295F(e, r/) - 0, (2t^'9fl + W")cj,{R, r;))^^ . (5.51) 

Differentiating and integrating with respect to 77 
{ri-i)dlF{^,^) 

2dl^F{i,C)-{dl(p{R,0,m'dR + W")d^(^{R,0)^A dC. (5.52) 



Using the bound 



\dRdc<i^iR,C)\ 



l0g(l + i?2) i?<C-l/2 



< 



ri/4|iogci i?>c~'/' 

the inner product in (|5.52p can be evaluated as follows: 



(5.53) 



(9|0(i?,O, i2w'dR + Ty")ac0(i?,c))^. 

< / <R>-^ R'^^'^\og{l + R^)R^/^log{l + R^)dR 
Jo 

+ / <i?>-^i?^/2log(l + i?^)C"^/*|logC|i?rfi? 
+ / < R>-^ r^^^\log^\R^C^/'^\\ogC\RdR<\\ogC\^. (5.54) 
Thus, ((5?52)) is controlled by 

|(r;-e)a|F(e,7/)| < 



Since ^ ^ 77, this yields 



(logC)'rfC 



|5MC,^)l<|logr;|^ 



(5.55) 
(5.56) 



This concludes the analysis of the off-diagonal part of the kernel. 
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All that is left now is to determine the S measure that sits on the diagonal of 
the kernel K. To do so, first restrict ^ and to a compact set of (0, oo). Then 
the following asymptotics hold for i?^^/^ ^ 1: 



= Re 



am 



1/2 



1 



3i 



8R^ 



1/2 



(5.57) 



iRdR-2^d^)(t>{R,0 



3i 



+ 0{R-'^), (5.58) 



= -2Re [ea,(a(C)r^/^)e^^«^'^ + SR^^^ 

where the O terms depend on the choice of compact subset. The R~^ terms are 
integrable, so they contribute a bounded kernel to the inner product in (j5.4p . 
The same applies to the contribution of a bounded R region. Therefore, the 
(5-measure contribution of the inner product in (j5.4[) can only come from one of 
the following integrals: 



OC pOQ 



/(Ox(i?)Re [m'^ior'^MvW 

3i 



X 1 + 



8i?Ci/2 



1 



3i 



8i?ryV2 



pi^dCdR, (5.59) 



OO poo 



^0 



/(e)x(i?)C5«(a(e)r'/')«(r/)r/-^/^e*^(« 



l/2_„l/2 



X 1 + 



3i 



8i?e^/2 



3i 



8i??7i/2 



pm^dR, (5.60) 



OO /'OO 



^0 



/(e)x(i?)Ca,(a(Or^/')«(^)^-^/'e-«(«^^^-''^'^) 



X 1 



3i 



8Re/^ 



3i 



p{^)dCdR, (5.61) 



where ^ is a smooth cutoff function which equals near i? = and 1 near 
R = OO. In all of the above integrals it can be argued, as in the proof of the 
classical Fourier inversion formula, that the order of integration can be changed. 
Integration by parts in the first integral (j5.59p reveals that it cannot contribute 
to the 5-measure. Discarding the 0{R~^) terms in (|5.60p and (|5.6ip reduces 
the two integrals to: 



/(C)x(i?)Re ^dMOr'^''Mv)v 



^-l/4g»_R(5 



l/2_^l/2) 



pm^dR, (5.62) 



OO poo 



X R-^C^/^ - r]-^'^)p{S)dS,dR, (5.63) 
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Since (|5.63p contains both an and a {^~^^'^ — factor, its contribution 

to K is bounded. The integral (|5.62p contributes both a Hilbert transform type 
kernel as well as a J-measure to K. By inspection, the 5-measure contribution 
is: 



Re 



p{i)dR 



-TrRe 



27r^i/2p(^)Re 



1 , ip'ii) 

2 P(0 



- V) 

S{^~ri), (5.64) 



where the fact that p{£,) ^ = 7r|ap was used in the last step. This finishes the 
proof. □ 

The following proposition establishes some mapping properties of /C. 
Since the conclusion of the preceeding theorem and the results of appendix 
\X\ are the same as their correspondents in [3] , the proof of this result is omitted 
as it is identical to the proof of Proposition 6.2 in the reference. 

First let L^'" be the space with the norm 



l/ll 



1/2 



(5.65) 



Then 

Proposition 5.2. 



i) The operator )Cq maps 



ir . r2.a r2.Q+l/2. 



a) In addition, the following commutator bound holds: 



-2,a 7-2, a 



(5.66) 



(5.67) 



Both statements hold for a £ R. In particular, K, and [/C, ^9^] are bounded 
operators on L^'". 



6 The Final Equation 

To rewrite (|4.5p in a final form, begin by expressing the operator ROr in terms 



of /C. Therefore, with as in Theorem |A^ 



T{dr + ^^^^) ^ + x^-^ea^ + /c) ) .F, (6.1) 
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which gives 



dr 



(-2e9e + /C) T 



+ ^{lC' + 2[^d^,JC])T. (6.2) 
This leads to a transport type equation for the Fourier transform x{t,^) of e^: 



dr 



Xr 
A 



) x~^x^ 2^/C ( d 



Xr 

A 



%{lC^ + 2m,IC])x-r-^^^ 



A 



2^9^ a; 



:9r 



A-2^i?i/2 (iV2fe_i(i?-i/2.F-ix) + esfe-i) . (6.3) 



A2 



The aim is to obtain solutions of (|6.3p which decay as r ^ oo. This means 
the equation will be solved backwards in time, with zero Cauchy data at r = oo. 
The problem will be treated iteratively, as a small perturbation of the linear 
equation governed by the operator on the left-hand side. For this the following 
transport equation needs to be solved: 



dr-^2^d^] +e 



(6.4) 



Denote by H the backward fundamental solution of the operator 

2 

+ (6.5) 



dr - y 2^9,. 



and by H{t, a) its kernel, i.e. (|6.4p has solution 



x{t) 



H{t, (T)h{a) da, 



(6.6) 



where the ^ variable has been suppressed. The mapping properties of H are 
described in the following result, which is proven in [3j, section 8. 

Proposition 6.1. For any a > there exists some (large) constant C = C{a) 
so that the operator H{t, a) satisfies the bounds 

. c 



\\Hir,a) 
dr-^2^d^]H{T,a) 



< 



(7 



<T - 



(6.7) 
(6.8) 



uniformly in a > t. 



30 



This leads to the introduction of the spaces L°°'^ L'^p°' with norm 

||/||^^,„^.,= =supr^||/(r)||^.„. (6.9) 

Then an immediate consequence of the above proposition is the following 
Corollary 6.2. Given a>Q, let N he large enough. Then 



-^^11 roo,N-27-2,a+l/2 + 



dr - y 2^9^ ) Hb 



-1 



<CoiV-i||&llL.o,«L^-, (6.10) 

with a constant Cq that depends on a but does not depend on N . 

The nonlinear operator A^2fc-i from (|6.3p has the following mapping proper- 
ties (which are proved below): 

Proposition 6.3. Assuming that N is large enough and .| + | > a > i, then 
the map 

X X-^T ( R^/^N2k-i{R'^'^T-^x)) (6.11) 



is locally Lipschitz from ioo,JV-2^2,a+i/2 ^oo,N ^2,a 

This two results above, combined with Proposition 15.21 allow for the use of 
a contraction argument to solve equation (16. 3p . 



7 The Nonlinear Terms 



The aim of this section is to prove Proposition [6?3l First define Sobolev spaces 

(7.1) 



H", adapted to the operator £, such that 



What needs to be shown is that the map 

A-2i?i/2^2fc-i(i?-^/'?) (7.2) 

is locally Lipschitz from l°°,n^2jj^+i/2 ioo,Njja^ 
The following lemmas are proven in 3 : 

Lemma 7.1. Let q e 5(1,0) and |a| < | + |. Then 

hf\\H-<\\f\\H-- (7.3) 
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Lemma 7.2. Let a> \. Then 



. + 1/4 



< 



11/11 



respectively 



Hi 



< 11/11 



(7.4) 
(7.5) 



(7.6) 



for all f, g such that the right-hand sides are finite. 
Lemma 7.3. Let a > 0. Then 

II^^Vs^IIhc - ll/llff = + l/2 ||5||^ = + l/2 ||ft.||^o 
II iirip Hp rip J-ip 

for all f , g, h such that the right hand side is finite. 
Now 

R^/^\-^N2k-i{e) = -Rr^'^ [{f'{u2k-i) - f'{uo))e 

+ {f{u2k-i +e)- f{u2k-i) - f'{u2k-i)e)] = -R-^'^[I + //]. (7.7) 

For the first term write 

^(^) = ^E(73T)!/'''("2fc-i-«o) 



l-l 



l>2 



(7.8) 



Remember that (it2fe-i — uq) G ■^^jp-JS'^ (i?(logi?), 13) and that, by Lemma 
/(2™)(wo) e IS\R-\iX), /(2'"+i)(uo) e IS\l,Q). Then 

/('"H"0)(«2fe-1 - wo)'"-' e (^;^)L-2 ^^"" (i?'"-'(l0gi?)'"-\Q) 

C ftA)L-2 -^^'" (i?2™(logi?)2"-2,0) C (^^5"" (i?2'"(logi?)O,0) 

1 



c^/52(i?2,0), (7.9) 



and 



f'^^^+'\u,){u2k-i^u,f^ e (i?2'"(logi?)2™,Q) 

C (^1^^^'" (i?'"(l0gi?)°,0) C ^152(^2^53)^ (7^0) 



Therefore 



(U)^ 



(7.11) 
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(The last step uses the fact that tX x r.j^ So 

has the desired mapping property. 

The second term can be spht into two 



where 



and 



//(e) = //2(e), 
i>i ^ ' 



By Lemma [3. 101 



Then 



f^^'\u2k-i) e j^IS^ (/?(log/?),0) c IS\R). 



/?-3/2/(20(^2/c-i)(/?-^/'?)'' e {R-'i:')'-^R-^'-'^IS\l). 



(7.12) 

(7.13) 
(7.14) 

(7.15) 

(7.16) 
(7.17) 



Now, by Lemmas 17. 1[ 17. 2[ and 17. 1[ it foUows that //i has the right mapping 
property in the space variable. More precisely, the claim follows from the fact 
that 



^-3/2-2 



< 



+ 1/2 



that, as an operator, 



(7.18) 



(7.19) 



and from Lemma 17.11 The r behavior follows from the fact that //i has no 
linear term in e, only higher powers. 
Finally, note that 

/?-3/2/(2;+l)(^2^._^)(^-l/2^2i+l g (i?-1^2)i-l^-3~3^^0(^)_ (7 2O) 

After noticing that 



t II ^ 



^-3/2j2 



n/4 ^ l|ellt°+i/2 , 



(7.21) 



the argument that II2 has the right mapping property is the same as the one 
above for IIi. 



^By a X 6 it is meant that there is a positive constant C such that C < b < Ca. 
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8 The Conclusion of the Argument 

To compare the Sobolev spaces Hp with the usual ones iJ''(R^), define a map 
u{R) {Tu){R, 9) = e'^R-^/^uiR). (8.1) 
This is easily seen to be an isometry i^(K+) L^(M^). 
Lemma 8.1. For any a > 

Mh-'\-r+) - l|T'w|lff=(R2) (8.2) 

in the sense that if one side is finite then the other is also finite and they have 
comparable sizes. 

Proof The spaces H^{m+) are defined using fractional powers of the operator 
C, but since C — Co is bounded in and in any ff^, these spaces could be 
defined using Co instead. The lemma follows from the identity 



ATii = TCqu, 
which holds whenever u G and Cqu £ L^. 



(8.3) 
□ 



Fix now a v > 1/2, and an index k sufficiently large (depending on v). So 
far M2fe-i and e2k-i have only been defined inside the cone {r < t}. They can 
be extended to be supported in the cone {r < 2t} so that they have the same 
regularity and all relevant derivatives match on the boundary of the light-cone. 
Finally, choose a so that 

1 < a < ^. (8.4) 

The error 62^-1 has a singularity of the type (1 — a)"^^/^ log'"(l — a) on the 
cone a = 1, which means that e2k-i is in localy around r = as long as 
(3 < V. On the other hand, since e2k-i has order one at i? = 0, 

T{R^/^e2k-i) = e'^Ricoir) + ci{t)R'' + C2{t)R'' + •••), (8.5) 

which is smooth around R — Q. Finally, taking into account the size of the error 

/i?(l0g(2 + i?2))2fe-l- 



e2fe-i 



O 



V t2(a)2'= 

it follows that for all a < i^/2, 

\-^R^'^e2k-i{t{T),X-^R) 



< 



-2k+2 



(8.6) 



•7) 



Using the Propositions 15.21 16.11 and 16. 3| equation ()6.3p can be solved through 
a contraction principle argument with respect to the norm 



ll^^ll rcx,,N-2r2,a + l/2 + 
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The transference identity and Proposition l5.2l give that e = T satisfies 

<t1^^, N <2k. (8.9) 

By Lemma [8.1[ this construction yields a solution to (|2.4p on the cone r < t, 
< t < to, which is of class H^'^^~ on the closure of the cone. To obtain a 
solution on all (0,to) x extend the data u(toj ^)^ dtu{tQ, ■) to all of M."^ with 
the same smoothness. The corresponding solution to (|2.4p will coincide with 
the one constructed on the cone due to the finite speed of propagation. This 
solution satisfies the properties stated in Theorem l2.2l 

A An Analysis of the operator jC 

The material bellow mostly parallels section 5 of [3J. The one main difference 
arises from the fact that a fundamental basis of solutions for C is not explicitly 
known here. This calls for a few changes in the proof of Proposition ! A. 4[ which 
coresponds to Proposition 5.4 in the reference. The asymptotic expansion for 
9 in that same Proposition has been omitted here, as it is not needed for the 
main result. The rest is close to identical to [3]. 
Consider the operator on L^{0, oo) 

C = Co + Vir) = -df. + ^ + Vir); V{r) = -^[1 - f{Q{r))] . (A.l) 

As r — > 0+, V{r) ^ 1 (i.e. limrioV{r) = C for some real number C). As 
r — !■ oo, V{r) ^ Therefore both C and Cq are self-adjoint with domains 

V{C) = V{Co) = {^e L^{0, oo) e ACioc, Co^ e L^} . (A.2) 

Notice that 

£00 = 0, Mr) = r^^^'Q'ir). (A.3) 

From (|2.7|) it follows that 0o is positive. As r ^ 0+, 0o(?') ~ r'^/^, as r ^ oo, 
<^o(?') ^ r^^l"^ , so 00 ^ L^(0, oo). This two remarks together with the Sturm 
oscillation theorem give: 

Lemma A.l. The spectrum of C is purely absolutely continuous and spec {C) = 
[0,oo). 

To find a function Oq such that together with (j>o it forms a fundamental 
system of £, it is enough to ask that it satisfies W{(f)o,9o) = 1. This, together 
with the initial condition 9o{l) = 0, yields: 

Ooir) = -Mr) f ds. (A.4) 

Lemma A.2. C has a fundamental system of solutions (po, 9q with the following 
properties: 



2-N 



Or 



X 
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li) (f,Q[r) ^ r'l'^, eo{r) - as r ^ 0+ ; 

Hi) (fioir) ^ T^^l"^ , 0o{r) ^ r^^^ as r oo; 

iv) r~^/^(f)o{r) is real- analytic, (f)o{R) G 

v) 9o{R) e i?3/2^(^0)^ 

Proof. Only the last statement needs a proof. For large s, </>o(s)~^ admits an 
absolutely convergent expansion of the form: 

1 



,3-2fc 



Therefore, for large R 



,R^ + ^^\ogR + (j)^R- 



S{R-^). 



(A.5) 

(A.6) 
□ 



With the notation above: 



The following theorem will be useful: 

Theorem A.3 (section 3 of Ij, Theorem 5.3 of [3]) 

i) For each z G C there exists a fundamental system <f>{r, z), 0{r, z) for C — z 
which is analytic in z for each r > and has the asymptotic behavior 

1 

—'I 
2 



(r, z) ~ r 



3/2 



(r, z) 



-r ^^"^ as r 



0^ 



(A.7) 



In particular, their Wronskian is W{9{-, z),(j)(-, z)) = 1 for all z G C. By 
convention, (j){r,z), 9{r,z) are real-valued for z G M. 

ii) For each z G C, Imz > 0, let ^"'"(r, z) denote the Weyl-Titchmarsh solu- 
tion of C — z at r — oo normalized so that 

il)+{r,z) ^ z-^l^e^''^'\ as r-^ c», Imz^/^ > 0. (A.8) 

If > 0, then the limit ij^{r, ^ + iO) exists point-wise for all r > and it 
will be denoted by ip'^{r,^). Moreover, define ip~{-,0 ■= Then 
ip'^ir,^,), '4>~{r,^) form a fundamental system of C — ^ with asymptotic 
behavior 



as r 



(A.9) 



Hi) The spectral measure of C is absolutely continuous and its density is given 
by 

p(0 - ^Imm(e + zO)x[5>o], (A.IO) 
with the "generalized Weyl-Titchmarsh" function 

W{d,;z),ij+{;Z)) 



m{z) 



W{i,+ {;z),^{-,z)y 



Imz > 0. 



(A.ll) 
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iv) The distorted Fourier transform defined as 

: / /(O = lim / Hr,Of{r)dr (A.12) 

is a unitary operator from L^(R+) to L^(R+,p) and its inverse is given 
by 

^-'■■f^ fir) - lim r c^{r, OMpiO d^- (A.13) 



Here lim refers to the corresponding limit. 

Proposition A. 4. The (j){r,z) in Theorem \A.3\ admits the asolutely convergent 
expansion: 

oo 

^(r,z) =0o(r) +r-i/2^(r2z)^-^,(r2), (A.14) 
where the functions 4>j are real-analytic on [0,00) and satisfy the hounds 

I'/'jWI < ^-^log(l + |u|), >Clogwz/u»l, (A.15) 

where C, C2 are positive constants. In particular, (f)j{0) — and |0j (O)| < 
C2CV(j-l)!/orj--l,2,.... 

Proof. First make the ansatz 

0(r,z)=r-i/2^zV,W- (A.16) 

The functions fj will be constructed such that the series converges in a "rea- 
sonable" sense. They should solve 

C{r-'/'f,) = r-i/V,-i, /oM - r'/'Mr). (A.17) 
To obtain the /j's, the "forward fundamental solution" of £ is used: 

H{r,s) = 1 [Mr)Oo{s) - 0o(s)^oM] ![,■>«], (A.18) 



therefore 







Remembering that 4>oif) ~ r'^/'^Q'{r) and using the notation x(r) = /^^ 
(so that 9i){r) = —r^'^(j)o{r)x{r)), the identity above becomes: 

fAr) = I f ^^i^:^ [s\{r) - r\(.)] f,^,{s) ds. (A.20) 
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Note now that x(r) can be written as: 

pr ^ rQ{r) ^ 

Ji 9{Q{s)r Jq(i) gipr 



(A.21) 



Using the assumptions made on g this gives: 



I {Qil)-' Q{r)-') lg"'iO) (logQ(r) - logQ(l)) 



(A.22) 

= -^.9"'(0)^^ logr + (terms analytic at 0). (A.23) 

It foUows then (by induction) that the singularity fj might have at zero is 
isolated and, in fact, removable. To see this, choose a branch of the logarithm 
which is holomorphic in C\K~. It is necessary to show that /^(r+iO) = fj{r—iO) 
for r < 0. Disregarding the terms not involving logarithms, it is enough to show 
that for any holomorphic function g 

[log s - log(r + iO)]g{s) ds ^ [log s - log(r - iO)]g{s) ds, (A. 24) 

Jo 

which is obvious since for s < 

log(s + iO) - log(r + iO) ^ log(s - iO) - log(r - iO). (A.25) 

Therefore, each fj is an even analytic function in a (uniform) neighborhood of 
the real line. Also, the asumption that fj-i{r) ~ at zero implies fj{0) = 0, 
so fj{r) ^ at zero. Induction gives that fj{0) — for all j. 

For the rest of this proof, let u — , v = , fj{r) — fj{u), Q'(r) — B{u), 
X(r) = X{u). It is easy to see that there are positive constants Ci, C2 such that 

Ci < (1 + u)B{u) < C2, Vu. (A.26) 

With this notation 

4 ./n V 



Also 

dv 



(A.28) 



Therefore, if v < w, 

vX{u) - 'uX(v) > 0, (A.29) 

which makes (by induction and the fact that /o > and is increasing; see 
Lemma [131 each fj positive and increasing. 



dw ^ ^ / 1 1 , w , , 
2„f ^2 - <^"^ + log - + (u - -y) 



< Cuv I + - + iu-v)] < Cu{l + U + uv), (A.30) 

UV V 
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and 

B{u)B{v) 



[vX{u)-uX{v)] 



11 II 

< C-[B{u){l + u)B{v) + uB{u)vB{v)] < C-. (A.31) 



Note that /o(w) = uB{u). Then 



< CC2 



V I + V 



dv = CC2Ul0g(l + u). 



By induction, using the fact that 

/ x-'~^ log(l + x) dx < —u^ log(l 
Jo j 



it foUows that 



< 



C2G1 



■u^ log(l + u), 



(A.32) 



(A.33) 



(A.34) 



where C is the same constant from the last inequahty in IA.31I 
Finally, consider 



h{u) 



1 r B{u)B{v) 



4 7o 
1 



dvB{u)B{v) uv 



vX{u) ~ uX{v)]vB{v) dv 
dw 



w^B{w)^ 

Using the fact that uB{u) is bounded and increasing (see Lemma [^TT|) . 



(A.35) 



h{u) > ^uB{u) I dv 



v^B{vy 



;{U - V) 



> 



V u'^B{u)^ 

l^r-^ [ v'B{vf(--l)dv>CB{lf[u\ogu~{u^l)]. (A.36) 
8 uB(u) J I \v / 



So, for 1, 



fi{u) > Culogu. 



(A.37) 
□ 



Note that the logarithmic behavior of 4)i{u) for large u is inherited by (j){r, ^). 
If 1 > C > and r = S£_-^/^, where S>0 is a small absolute constant, then 



The next proposition deals with -0+: 



(A.38) 
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Proposition A. 5. For any ^ > 0, the solution ip~^{-,(,) from Theorem \A.3[ is 
of the form 

= r'/^e*''«'^VKi/2, r), r^^ > 1, (A.39) 
where a admits the asymptotic series approximation 



oo o • / -1 



3=0 

with zero order symbols tpj' that are analytic at infinity, 

snp \{rdr)'' Tpj' {r)\ < oo, 

r>0 



(A.40) 



(A.41) 



in the sense that for all large integers jq, and all idices a, (3, it holds that 

jo 



sup 

r>0 



{rdrnqdg) 







< c. 



-io-1 



(A.42) 



for all q > 1 . 
Proof. Let 



a(g.r)=e^/V(r-,Oe-^'-«'''. 
Since ip'^ solves the equation 

iC-O^+ir,O = 0, 

it follows that a has to solve 

First look for a formal power series solution to this equation: 

oo 

which would require that the /j satisfy 



2idrfj 



9r + :^ + V{r)]f,-i, fo = l 



Then 



(A.43) 
(A.44) 

(A.45) 
(A.46) 

(A.47) 
(A.48) 



Inductively, it is easy to see (recalling also that V{r) ^ at s = oo) that all 
fj are analytic at infinity, with leading order term r~^ . At zero however, the fj 
will be singular. Using (jA.48|) it is not hard to show, inductively, that 



I irdr)''fj I < Cj-r-J' , Vfc e N, r > 0. 



(A. 
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Indeed, suppose the claim is true for fj-i- Then 



4^2 



{rdr)fj-i{r) 



Noting that 



6(fc- 1) 
4^2 



[rdr] 



k-2 



[{rdrf-\V{r)\ ={k- l)rV'{r){rdr) 



k~2 



/,_i(r). (A.50) 

(A.51) 

(A.52) 
(A.53) 



the induction is complete. Let then tp'j {r) = fj{r). These will satisiy (|A.4ip . 

It is known from symbol calculus that there exists a function aap{q, r) which 
satisfies 



sup 

r>0 



j=0 



(A.54) 



for all natural numbers a, /?, and Jq. However, aap will not solve (jA.45p . Define 
the error 



eKi/2,r) - ( _ 2te/^dr + ^ + V{r) ] aapH^'^^^ 



It is easy to see that 



irdrT{qdqfe{q,T)\ < c^.,p,,r''' q 



for all a, [3, and j. Let ui = —a + (Tap- This ai has to satisfy 



(A.55) 



(A.56) 



(A.57) 



To obtain estimates on ci, first define v ~ ivi,V2) — (cti, r9,.(Ti). The 
equation (jA.57P can be written in terms of v as 



drV 



r'^ 



4r 





—re 



(A.58) 
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From this it follows that 

d_ 
dr 



W > -C {r-^W + r\v\\e\) , (A.59) 



so 

^\v\>-C{r-^\v\+r\e\). (A.60) 



By Gronwall's inequality, 



\v{r)\ < I s\e{s)\ ds. (A.61) 



For large j, 

|e| < CC'^^r-^-\ (A.62) 

which implies that 

\v\ < CjC^/^r-^ ^ Cjq\ (A.63) 

for large j. Entirely similar arguments can be applied to {rdr)°'{qdq)^v, to 
conclude in the end that 

\{rdrr{qdgfa,{q,r)\ < C^.p,,q-'^ , (A.64) 

for large j and any a and [3. Then a = aap — (Ji is as desired. □ 

The last result of this section deals with the spectral measure of C 

Proposition A. 6. i) There is a function a(^) such that 



0(r, = aiOi^+ (r, ^ + 0(0^-+ (A.65) 
which is smooth, always nonzero, and has siz^ 

Moreover, this function satisfies the bounds 

\m)'aiO\<CkHO\: Ve>0. (A.67) 
a) The spectral measure p{^)d^ has density 

P(0 = zHOr' (A.68) 



TT 



and therefore satisfies 



P{0^{ elW ^<<^l . (A.69) 



^By a X b it is meant that there is a positive constant C such that C < b < Ca. 
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Proof, i) Since (jj is real valued and W{^~^,'ijj ) = — 2i, the function a must be 
a{0=-'^W{cl>{;0,i^-{;0). (A.70) 
By Proposition El it follows that both and irdr(t>){C^^^ ,0 

can be 

written in the form with f{u) analytic and satisfying 

|/(u)|<log(l + H). (A.71) 

By Proposition rOl it follows that both V'"^(C~^^^,C) and (rarV'+)(^"^^^ can 
be written in the form with h satisfying the bounds 

\{rdr)''h{r)\<Ck. (A.72) 

Then the function a is a sum of terms of the form S,^^^ f{£,^^)h{^^^/^), with / 
and h as above. The bounds (jA.67|) and the upper bounds in (|A.66|) then follow. 
To prove the lower bounds, begin by noting that 

lm{iP+{r,^)dr^p'{r,^)) = -1. (A.73) 

Since (j) is real-valued, this gives 

Im = ~OMr,0: (A.74) 

which implies that for all r 

There is a small constant S such that, if r = 5^^^/^, by Proposition I A. 41 

|3r</'(r,0l >^~'^'log(l + r'), (A.76) 

and by Proposition lA. 51 

\dri^^{r,0\<e^\r^O''°- (A.77) 

These give the lower bounds in (jA.66[) . 

ii) tp^ can be written in terms of (f) and 9 as 

^+ ^ -(j,Wiip+,0) +eW{^p+,(j)). (A.78) 

Since both and 9 are real- valued, inserting into W{ip'^ ,tlj~) — — 2i, it follows 
that 

Im [W{i;+,9)W{i;-,(j))] = -1. (A.79) 
Inserting into (jA.lOp and (jA.lip . this yields 



P^^>^ iw/ ,+ ^M2 ^ -\W[ip^,(p)\ ^ 2 - A.80) 

□ 
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